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Abstract

In this paper, we first prove a general symmetrization principle for the Hardy type
inequality with non-radial weights of the form A (|x|) |x; |P L 'S |P N (Theorem 1.1).
Using this symmetrization principle for Hardy’s inequalities, we can establish the
improved L?”-Hardy inequalities with such non-radial monomial weights (Theo-
rem 1.2). Second, we introduce the notion of p-Bessel pairs and give applications
to LP-Hardy identities with non-radial monomial weights (Theorem 1.3) and Hardy
inequalities (see Theorem 1.4) and their virtual extremals (see Remark 1.2). (See Theo-
rem 1.5 for the special case p = 2 where we derive L2-Hardy identities and inequalities
with monomial weights which have not been studied in the literature). In the special
case when P = (0, ..., 0), they imply the L”-Hardy identities and Hardy inequalities
with remainder terms on any finite balls and the entire space RY (Theorem 1.6), while
in the special case P = (0, ..., 0, @), @ > 0, our results provide the L”-Hardy identi-
ties and Hardy inequalities on half balls and the half spaces (Theorem 1.7). By taking
special examples of p-Bessel pairs, we establish some particular Hardy’s identities
and weighted Sobolev inequalities which are of independent interest. We also establish
the optimal Hardy inequalities with monomial weights and explicit forms of extremal
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functions. (See Corollaries 1.1, 1.2, 1.3, 1.4, 1.5.) Our above results sharpened earlier
results in the literature even in the case of L? Hardy inequalities. Finally, we establish
the sharp constants and optimal functions of the L?-Hardy—Sobolev inequalities with
monomial weights (Theorem 1.8).

Keywords p-Bessel pair - Hardy inequality - Hardy—Sobolev inequality - Monomial
weight

Mathematics Subject Classification 42B35 - 42B37 - 26D10 - 46E35 - 35A23

1 Introduction
1.1 Hardy Type Inequalities
The Hardy inequalities are of fundamental importance in many areas of partial dif-

ferential equations, spectral theory and mathematical physics. The Hardy inequality
concerned in this paper has the following form: for N > 2, p > 1, p # N, and

ueCge (RN):
|Vul? dx > T dx. (1.1)
RN RN |x|P

—p|P. . .. . ..
The constant ’ ¥ ‘ is sharp and cannot be attained by nontrivial functions. This is the

N-—-p
p

multidimensional version of the inequality proved by Hardy in [41]: for nonnegative
functions u, with p > 1 :

p— 1 p [e’e} 1 X P o0
<—) / <—/ u (1) dt) dx < f u (x)? dx. (1.2)
p 0 X Jo 0

We also mention here the following weighted Hardy inequality in one-dimensional

space (see [42]):
f xu (r)dr
0

p 0
P, . . . . .
Here the constant 7) is optimal and cannot be achieved by nontrivial functions.

P [e¢]
dng xPTely (0P dx. (1.3)
0

lor|

There exist several proofs of (1.1) in the literature. One of the most standard methods
to prove (1.1) is to use the Schwarz rearrangement. The argument is as follows: by the
well-known Pdélya-Szegt inequality and Hardy-Littlewood inequality, we have

p ul? N —pl|? u* P
/ %dxf’ 14 / | |pdx
RN [X] p RV |x]

=
p
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and

/ |[Vul|P dx z/ |Vu*|pdx.
RN RN

Here u* is the radial nonincreasing rearrangement of u. As a consequence, it is now
enough to assume that u is radial. Therefore we can convert the problem to the one-
dimensional case in which we can apply the one-dimensional Hardy inequality (1.3).
However, the downside of the above argument is that it doesn’t work for general
weights even when the weights are radial.

The first aim of this paper is to establish a general symmetrization principle for the
Hardy type inequalities with nonradial weights of the form A(|x|)x”.

Theorem 1.1 Let p > 1,0 < R < 00, A and B be positive functions on (0, R). Then
the following are equivalent:

(A) IB;A(lxl) [Vul|? xPdx > fB;;B(|x|) lu|? xPdx for all u € C{°(B})
(B) fB;A(IxI) [ Ru|? xPdx > fB;B(IxI) lul? xPdx for allu € C3°(B})
(&) IB;A(lxl) |Vul? xPdx > fB;;B(|x|) lu|? xPdx for all radial u € Co°(By)-

Here x” = |x|P' .. |xy|P¥, Py = 0,..., Py > 0,is the monomial weight, RY =
{G1,...,xn) € RY : x; > 0 whenever P; > 0}, By = Bg NRY and R := & V.

It is worth noting that the functional and geometric inequalities with monomial
weights have been studied intensively recently. For instance, motivated by an open
question raised by Brezis [8], Cabré and Ros-Oton proved in [11] a version of the
Sobolev inequality with monomial weight and used it to study the problem of the reg-
ularity of stable solutions to reaction-diffusion problems of double revolution. Then, in
[12], the authors also set up the Sobolev, Morrey, Trudinger and isoperimetric inequali-
ties with monomial weight x©’ . The best constants of the Trudinger—Moser inequalities
with monomial weights were computed explicitly in [45]. In [1], Bakry et al. combined
the stereographic projection and the Curvature-Dimension condition to set up the sharp
Sobolev inequality with monomial weight. In [46,56], mass transport approach was
used to study the sharp constants and optimizers for the Gagliardo—Nirenberg inequal-
ities and logarithmic Sobolev inequalities with arbitrary norm and with monomial
weights. We also mention that in [14], the author provides a proof for the Hardy—
Sobolev-type inequalities with monomial weights. However, the best constant and
the extremals for the inequalities were not studied there. L?-Hardy inequalities and
L?-Caffarelli-Kohn—Nirenberg inequalities with weights ’;—’; have also been studied
recently in [25]. We also refer the interested reader to [13,18,23,28,47], to name just
a few, for several results about the functional and geometric inequalities with homo-
geneous weights.

It is also worthy to note that R is the radial derivative. Indeed, in the polar coordi-

1
!VSN,lu(rJ)‘z 2
- 2z

nate, |Ru| = |0,u (ro)| while |Vu| = (|a,u (ra)l2 + . Actually, the

radial derivation plays an important part in the literature. In particular the Hardy type
inequalities with radial gradient have been intensively studied recently. See, [37,38],
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to mention just a few. We also note that the Hardy inequalities in the framework of
equalities have also been investigated in [16,19,24,49,50], for instance.

Though L?-Hardy type inequalities with radial weights and remainder terms have
been extensively studied, not much has been done for such inequalities for non-radial
weights. In particular, LP-Hardy inequalities with remainder terms for p # 2 are
widely open in the case of non-radial weights. Using the symmetrization principle
for Hardy’s inequalities (Theorem 1.1), we can establish the following improved L?-
Hardy inequalities with non-radial monomial weights:

Theorem 1.2 Let 1 < p < oo and ¢ € R. We have for all u € C(‘)’O(Rﬁy \ {0}) that

/ IxIPEIVull’x”dxz/ Ix|7% |Ru|? xFdx
RY N

* R

>

D — P
e+ p‘ / Ix|PE=D 4|7 xPdx. (1.4)
p N

)

P, ) . o
Moreover, the constant ‘8 + D=p > P ‘ is sharp and is never achieved by nontrivial func-
tions. Here D = N + Py + --- + Py.

The fact that the optimal constants in the Hardy inequalities cannot be achieved by
nontrivial functions has been well-investigated. Also, the problem of finding improved
versions for Hardy’s inequalities has attracted great attention in the literature. In the
pioneering works [10,53], certain improvements of the L>-Hardy inequality have been

established by adding nonnegative terms to the potential (%)2 # More precisely,

Maz’ya studied in [53, Sect. 2.1.7, Corollary 3] a refinement of both the Sobolev and
the Hardy inequalities and set up the following result:

Theorem (Maz’ya [53]) Let N +k > 2,2 < q < 325 and y = —1 +
(N +k) (% - 5) Then there exists ¢ > 0 such that

2

N —2 2 2 =

/ |Vu|2dx—(—) / %dxzco |9 |y|qux)q
RN+k 2 RN+k |y| RN+k

forallu e Cg° (RN'H‘), subject to the condition u (0, z) = 0 in the case N = 1. Here
x = (y,2) € RN x Rk,

In [10], in order to study the stability of certain singular solutions of nonlinear
elliptic equations, Brezis and Vazquez proved that:

Theorem (Brezis—Vazquez [10]) For any bounded domain Q2 C RN, N > 2, and
every u € HO1 (),

N -2 2 2 2
/|W|2dx—(—> /%dxzzgwg |Q|—%/ ulPdx (1.5
Q 2 Q |x| Q
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where zo = 2.4048 ... is the first zero of the Bessel function Jy (z) and wy is the
2

volume of the unit ball in RN . The constant z%a)g IQI_% is optimal when Q2 is a ball
but is not achieved in the Sobolev space HO1 ().

2
The fact that Z(z)a)g |2 ¥ is optimal but is still not achieved by nontrivial functions
led Brezis and Vazquez to ask whether the term on the LHS of (1.5) is just the first term
of an infinite series of remainder terms. Brezis and Vazquez’s question and Maz’ya’s
result have received huge attention in the literature. The interested reader is referred
to [3,6,9,15,17,20,26,27,36,57,59], to name just a few. We also cite the monographs
[2,40,43,44,53,58], for instance, that are standard references on the subject. It is also
worth mentioning that several open questions and conjectures about the Hardy type
inequalities, as well as many other topics, have been proposed by Maz’ya in [54].
We should note that there is another approach to establish Hardy inequalities with
remainder terms by using Fourier analysis techniques in Euclidean spaces (see [4,5]).
There have also been recent progress of establishing higher order Hardy—Sobolev—
Maz’ya inequalities on half spaces by using Fourier analysis techniques on hyperbolic
spaces (see [51,52]).
In [35], Frank and Seiringer used the notion of the ground state representations to
set up the following inequality that improves, extends and unifies several results about
the Hardy type inequalities: if the weighted p-Laplace equation

—div (A4 [V9 0IP2 Ve (1)) = B (1)@ (1)

has a positive weak solution ¢, then

/A(x)|Vu|pdx E/B(x) lu|? dx.

See also the paper [55] where Muckenhought pair has been used to study the necessary
and sufficient conditions for the validity of the Hardy inequality on one-dimensional
space.

In [39], in order to study the L>-Hardy type inequalities with radial weights, Ghous-
soub and Moradifam formulated and applied the notion of Bessel pairs in the L>
sense and proved that if A and B are positive C'—functions on (0, R) such that
(rN_lA, rN_lB) is a Bessel pair on (0, R), 0 < R < oo, then

/A(|x|)|w|2dxz/ B (|x]) ul* dx (1.6)
Br Bpr

forall u € C3° (Bg \ {0}). Moreover, if (1.6) holds for all u € C§° (Bg \ {0}), then
(rN_lA, crV-1 B) is a Bessel pair on (0, R) for some ¢ > 0. Here we say that a couple
of C!-functions (A, B) is a Bessel pair on (0, R) if the ordinary differential equation

(Ay’)/ + By =0
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has a positive solution on the interval (0, R). See the book [40] for several examples
and properties of Bessel pairs.

In [24], the weighted Hardy type inequalities (1.6) have been investigated further.
More precisely, the authors in [24] applied the factorizations of differential operators
to set up the following Hardy type identities: Let 0 < R < oo, A and B be positive

—functions on (0, R). If (r¥~'A, rN=!B) is a Bessel pair on (0, R), that is there
exists ¢ > 0 on (0, R) such that

/
(rN71A¢/> + N 1By = 0.

Then, we have for all u € C§° (Bg \ {0}) that

/A(|x|>|W|2dx=f B (x)) ul? dx
Bpr

Br

A
+/BR (Ix) @ (|x|>‘ ( - |>>

2

and

f A(|x|)|Ru|2dx=/ B(|x|)|u|2dx+/ A(IxD) ¢* (Ix]) ‘R( )
Bg Bg Bg (Ix1)

This result has been investigated further in [49,50] where the Hardy identities have
been applied to establish the improved Hardy inequalities with Bessel pairs for general
distance functions d (x), |Vd| = 1, have been proved. The distance function can be the
distance to a point, or to the boundary of the domain, or to a surface with codimension
a. The following results are in the spirit of those by Maz’ya [53], Brezis and Vazquez
[10], Brezis and Marcus [9], Barbatis et al. [3] and others.

2

Theorem (Lam et al. [49,50]) Let 0 < R < o0, A and B be positive Cl—functions
on (0, R). Assume that for some a € R, Ad (x) — d( ) exists on {0 < d (x) < R} in

the sense of distributions and (r“‘_lA, rel B) is a Bessel pair on (0, R). Then for
ueCr(0<dx)<R}:

/ A(d () Vi (1) dx — / B(d (o) Ju (v) 2 dx
0<d(x)<R

O0<d(x)<R

_ Ad 2d ‘v<&>
/0<d(x><R (@@ IV @

17 ¢/ (d (x))
_ Ad 2 [Ad _ ¢ ]‘p—d
/0<d<x><R (@)l | Ad ) = Ze3 | @ om ™

2

and
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f A(d (x))|Vd (x) - Vu (x)|> dx —/ B (d (x)) |u (x)|* dx
0<d(x)<R 0<d(x)<R

2

— A(d 24 ‘Vd v<&)
/0<d(x)<R (d (x)) ¢~ (d (x)) (x) 2 d @)

o— 1} <ﬂ'(d(X))d
d(x) | ¢(d(x)

- A wer [Ad () -
0<d(x)<R
Here ¢ is the positive solution of

(A YO) +r T B )y =0

on the interval (0, R).
As a consequence, we get

Theorem (Lam et al. [49,50]) Let 0 < R < oo, A and B be positive C' —functions

on (0, R). Assume that for some a € R, ¢’ (d(x)) (Ad (x) — % < 0 on
{0 < d (x) < R} in the sense of distributions, and (r“_lA, r“_lB) is a Bessel pair
on (0, R). Then foru € C° ({0 < d (x) < R}) :

/ A(d () Vi (1) dx — / B (d () lu () dx
0<d(x)<R

0<d(x)<R
2

Ald 2d ‘V (ﬂ)
2/0<01()<)<R (@Ee (e ) @ (d (x))

and

f Ad (x))|Vd (x) - Vu (x)|> dx —/ B (d (x)) |u (x)|* dx
0<d(x)<R 0<d(x)<R

2

Ad 24 ‘Vd V(ﬂ)
> /0 A @ [vaw v (EEs

Here ¢ is the positive solution of

(=AY @) + B v =0

on the interval (0, R).

We remark that the L2 Hardy’s identities and inequalities with Bessel pairs on
Carnot groups have been established in [29]. Such Hardy’s identities and inequalities
on hyperbolic spaces and related Riemannian manifolds have also been proved in [33]
and [32].

@ Springer



109 Page8o0f36 N.T.Duy et al.

It is worthy to note that the L? Hardy inequalities with remainder terms are signif-
icantly more difficult when p # 2. The second main goal of this paper is to establish
such L? Hardy inequalities with monomial weights through L” Hardy identities with
monomial weights. Such Hardy identities with monomial weights are new even in the
case p = 2.

More precisely, our next aim is to set up conditions of pairs (A, B) such that the
Hardy inequalities of the form

/ A(|x|)|Vu|pdexz/ A(|x|)|Ru|Pdexz/ B(|x|) |u|? xPdx
By By By

hold. More precisely, motivated by the Bessel pairs in L? sense introduced by Ghous-
soub and Moradifam in [40], we introduced the following notion of the Bessel pairs
in the L? sense, or simply called p-Bessel pair.

/
Definition 1.1 (A, B) is a p-Bessel pair on (0, R) if the ODE (A I y/> +
B (r) |y|”_2 y = 0 has a positive solution on (0, R).
Also, for p > 1, denote
Cpe, ) =1xP —lx =yl = ple =3P 2 (x =y -y
=klP+(p=Dlx =y —ple =3P (x =y -x.
Then we have
Lemma1.1 C, (x,y) > 0and C, (x,y) = 0 ifand only if y = 0.
Then, we will prove the following L” Hardy identities with monomial weights:

Theorem13 Let N > 1, p > 1,0 < R < oo, A and B be positive cl-
functions on (0, R). If (rD_lA, rD_lB) is a p-Bessel pair on (0, R), then for all
ueCge (B}g \ {O}) :

/A(le)qulpdex—f B (x]) lu|? xPdx

By By

:/ A(lx)Cp <Vu,(pV <E>>xpdx
B} ®

R

and

/A(|x|)|Ru|pdex—/ B (|x|) |ul? xFdx

BR BR
=f AxD)C, (’Ru,ch (5>>x”dx.
B% @

R
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Here ¢ = @), p; A, B;R s a positive solution of

. -2 4 - -
(A ) + P BTy =0 (17

on (0, R).
Obviously, our result implies the following Hardy type inequality:

Theorem14 Let N > 1, p > 1,0 < R < oo, A and B be positive cl-
functions on (0, R). If (rD_lA, rD_lB) is a p-Bessel pair on (0, R), then for all
ueCy (B;*e \ {O}) :

/A(|x|)|Vu|pdexz/ B (|x]) [u|? xFdx. (1.8)
By By

Regarding the optimizers of the Hardy type inequalities, we have the following
remarks.

Remark 1.1 By Theorem 1.3 and Lemma 1.1, the equality in (1.8) occur when u (x) =
¢ (|x|) for some ¢ € C. Therefore, the Hardy type inequality (1.8) has at most one
nontrivial optimizer. Here a function U is called an optimizer of (1.8) if

/ A (Ix]) [IVU|? xPdx =/ B (|x)) |UP xPdx < o0.
By By
Indeed, if there exist nontrivial functions U and V such that
/ A(xD)|VU|? xPdx =/ B (IxD|UI” xPdx < 0
By By
and
/ A(x)|VV|P xPdx :/ B (Ix) |V]? xPdx < 0.
By By

Then, by Theorem 1.3, we have that

/ A(xD) Cp (vu, oV (g>)dex = / A(lx])Cp (vv,w <K)> xPdx =0
B% @ B} @

R

for a fixed positive solution ¢ of (1.7). By Lemma 1.1, we get U (x) = c1¢ (|x]) for
some ¢; € Cand V (x) = c2¢ (]x]) for some ¢; € C. Therefore U (x) = ¢V (|x|) for
some ¢ € C.

Remark 1.2 1If fB; B (Ix]) |¢ (|x])|? xPdx is finite, then cg (|x]) is the only extremal
function for the Hardy type inequality (1.8). In this case, ¢ is the only positive solution
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of (1.7). Indeed, if ¢ is a positive solution of (1.7), then by Theorem 1.3, we have

/ A(lx]) Cp (V(p, oV <£>> xPdx
B} @1

=f A(|x|>|V¢|Pdex—/ B (x]) lpl? x"dx

By By

=0.

Therefore, by Lemma 1.1, ¢ = c¢; for some ¢ € C.
If fB; B (Ix]) |¢ (|x])|? xPdx is infinite, optimizer for the Hardy type inequality

(1.8) does not exist. Indeed, if there exists nontrivial function U such that

/ A(lx])|VU|? xPdx =/ B (Ix)|U|? xPdx < 0.

By By

Then, by Remark 1.1, U = c¢ for some ¢ € C. Therefore,

[ Bash i@ ar =il [ B b e e " ds

By By

is infinite, which is a contradiction to the assumption that U is an optimizer. Nev-
ertheless, we still can consider ¢ (|x|) as a “virtual” optimizer for the Hardy type
inequality (1.8). We also note that the Hardy type inequality (1.8) may have more than
one “virtual” optimizer.

It is worth mentioning that when p = 2, then C3 (x,y) = |x|2 — |x — yI2 —
2 (x — y)-y = |y|>. Hence, in this case, we get the following L>-Hardy identities and
inequalities with monomial weights as a consequence of our Theorem 1.3

Theorem 1.5 Let 0 < R < oo, A and B be positive Cl-functions on (0O, R). If
(rD’lA, rD*IB) is a Bessel pair on (0, R), that is there exists ¢ > 0 on (0, R)
such that

/
(rD_lA(p/) + rD_lB(p =0.

Then, we have for all u € C§° (B;‘e \ {O}) that

[A(|x|)|Vu|2dex:/ B (|x]) |u|? xFdx
By By

+/ A(|x|)‘¢<|x|)V( “ )
5 o (%D

2
xP
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/A(|x|)|Ru|2dex=/ B (Ix]) |u|? xFdx
By By

A R
+/B (|x|)‘ (x1) ( o |)>

2

xPdx

and

/ A(|x|)|Vu|2dexZ/ A (|x]) |Ru|2dexz/ B (Ix]) lu)? xFdx.

By By By

When P = 6) we obtain the following L”-Hardy identities on ball Bg in RV .
When R = oo, then this offers the L” Hardy identities on the entire RV,

Theorem1.6 Let N > 1, p > 1,0 < R < oo, A and B be positive cl.
r

functions on (0, R). If( N=14, N 1B) is a p-Bessel pair on (0, R), then for all
ue C (B \ {0)

/ A (Ix]) |Vu|P dx — / B (|x|) |u|? dx = / A(x])C, <Vu, oV (K)) dx
Bgr Br Bg %

and

/ A (|x]) |Ru|? dx — / B (|x]) |u|? dx = / A(lx])Cp <Ru oR <Z)) dx.
BR BR BR (P

Here ¢ is the positive solution of
— -2 2\ — —
(MA@ YY) B e Py =0

on(0,R).

When P = aey, a > 0, we get the LP-Hardy identities on half balls in RY and on
half-space }Rﬁ when taking R = oo.

Theorem1.7 Let N > 1, p > 1,0 < R < 00, A and B be positive C'-functions

on (0, R). If (rN+“_1A, rN+°‘_lB) is a p-Bessel pair on (0, R), then for all u €
Cs° (Br NRY \ {0}) :

/ A(le)quI"’xf(,dx—/ B (|x]) |u]? x§dx
BRﬂRﬂ BRQRN

N
u

= f A(x])C, <Vu, oV <—>> xfydx
BRQR_]X %
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and

/ A(|x|)|Ru|pxj’(,dx—/ B (|x]) [u]? x{ydx
BRrNRY BrNRY

=/ A Cp (Ru,wR (ﬁ))xg;dx.
BRﬂRﬂ )

Here ¢ is the positive solution of

_ -2 5\ _ —
(M ta e [P T B ) 1Py =0

on(0,R).

We can check that (rD—lrps’

_,|P
e+ %’ rD_lr”(s_l)) is a p-Bessel pair on
_Db-p_ _ _D-—0p_,_
(0, 00) withe (r) = r~ 7 °.Indeed, inthiscase ¢’ (r) = — (% + 8) o e
Hence

(1 e o )

D—pl|P? D— pe—( 222 Y
=— e+ P <8+ p> (rD Itpe ( P +8+1)(” 1))
P

D-—pl|P—? D— p-p_ .\
e 2 )
P P

D—pl|’ porye

ror

D—-p
P

14 _(?—i—s)(p—l)rp(g_l).

Therefore we have the following identities that provide a direct understanding to
Theorem 1.2:

Corollary 1.1 Let 1 < p < oo and ¢ € R. We have for all u € C(C)’O(RQ’ \ {0}) that

/ Ix|P% |Vu|? xPdx —
N

*

D — p
e+ p‘ / 1x|PED u )P xPdx
p N

*

_D-p_ D-p
=/ lx|P¢ C) (Vu, x|~ 7 £V<u|x| p +£>>xpdx
RY
_Db-p D-p
:/NCP <|x|€Vu,|x| P V(u |x| 7 +6>>xpdx
Ry

and

D
e+

[ Ix|P% |Ru|? xPdx —
RN
>

-p P
'/ Ix|PE=D 1P xPdx
p RY
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D— D—
= /N x1P¢ C, <Ru |x|‘p"‘8R<u |x|17p+s>>xpdx
E)
D—p D—p
= /N c, (leg Ru, IxI_TI R (u |x|p1+8>> xPdx.
E)

As a consequence of Corollary 1.1 and Lemma 1.1, we have that the equalities in

_D-p_
Theorem 1.2 occur when u (x) = ¢ |x|~ » ° for some ¢ € R. However, in this case
]R*N |x|?E=D |u|P xPdx is infinite. Therefore, by Remark 1.2, the Hardy inequality

_D=p_ .
(1.4) has no extremizer. However, we can still consider x|~ 7 ° as the “virtual”
optimizer of the Hardy inequality (1.4).
We also provide here some other consequences of our Theorem 1.3. By using the

2
—1.2— ~1,2-D?Z%
D-1,2 D7rD 1,2-D %

2-Bessel pair | R2) on (0, R), R > 0, we obtain the following

Poincaré identities and weighted Soblev inequalities:

Corollary 1.2 For R > O and u € C§° (B;‘e \ {0}), there holds

2 2 2
[Vl Py <0 |u] Py
—D72X X — ﬁ —072)6 X
B} |x| By x|
2
2 (20
_ Jg (R Ix1) v u “Pdx
By |xl o (% Ix1)
2 2 2
|Rul Py <0 |ue] Py
D72X X — ﬁ D72X X
B} |x| By x|
2

xPdx

-/, Jiﬁ'?) ‘R<J & lxl))

and

Vul? Rul? 23 ul?
/ | DLZdex > / | Dlszdx > —02/ |[!72xpdx.
By |x] By |x] R= Jpy |x|

Moreover, the optimizer for the weighted Sobolev inequality

2 2 2
Z u Vu
=0 lul xPdx < / %xpdx (1.9)
B} |x]

exists and is of the form Jy (%0 |x|).

More generally, if R > 0, 0 < o < D*TH, and z, is the first zero
of the Bessel function of the first kind J, (z), then by using the 2-Bessel

2 2
pair (rD_lr_)‘,rD_lr_’\ [(—(D_Z‘f—z) —az)riz+%]> on (0, R) with ¢ (r) =
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109 Page 14 0f 36 N.T.Duy et al.

=, (%r), we get the following Brezis-Vdzquez type identities and inequali-

ties with monomial weight

Corollary1.3 Let R > 0and 0 < o < D72A*2. For any u € C3° (B;‘e \ {O}), there
holds

Vul? D —x—2)? 2 2 2
/ | M)|L deX — ( ) —(12 / |M}L|+2dex+Z_az/ |u|AXde
By |x| 4 By Ix] R* Jpx |x|
2
2—D Z, u
[ | s ) v (g «Pdx,
B} R 2 J, (%
% |x| o (3¢ |x1)

Rul? D — 1 —2)? ul? 2 ul?
/ | )! xPdx = g—az / |T|+2dex+Z—D‘2 %xpdx
By 1x] 4 By Ix| R* Jpy |x|

2
2-D Z u
+/ x| 72 Ja(;"‘|x|)72< T )
B e 72 Ja (5 1x1)

dex,

and

2 2
[Vu| |Rul
f -+ xPdx > P xPdx
By x| By |xl

D — ) —2)? 2 2 ul?
> g—az f |M)L|+2xpdx+z—°‘2[ %xpdx.
4 B} |x| R< Jpy |x]

Moreover, when 0 < o < 2 _2’\_2, the optimizer for the weighted Brezis—Vdzquez

inequality

Vul? D—x—2)?2 2 3 :
f VUP gy s (P22 / Ml Pax s Za [P Py (1.10)
By x| 4 By WMt R gy I+l

. . 2-D+)
exists and is of the form |x| 2 Jy (% |x|).

L _\P
For A < D — p, we have | rP~1L D=1 (2=p=2
r}L

Dop _D—pi &
is a p-Bessel pair on (0, R) with ¢ (r) = R P ((%) =l — 1) =
p—l

_D—p—2x _D—p—i P .
r I — R I . Hence, we obtain

Corollary 1.4 Let A < D — p and R > 0. For any u € C§° (B} \ {0}), there holds

1 D—p—1\" 1
— \VulP xPdx — P [P xPdx
By Ix|* p By A
R R r+p (1_(IRI> p—T )
X
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_ D—p— _Dp-i\'p u »

:/ Cp Vu,(\xl p=1 — R -1 ) \Y - xdx

By _ D—p—2 _Dp—pi\

(\XI Pl — x| Pl )

1 D—p—x\? 1

— |Rul? xPdx - P u|P xPdx
B* ‘xl)» p B* _D—p-2\P
: Fpper (1 ()7

[x]
p—1
_D—p—> D—p—i\ "p u P
:/ Cp | Ru, <|x| p-1 R p-l ) R — xtdx
% _D—p—x _D—p—i pT
(\XI pml— R p7l )
and
1 p..P 1 p.P
. —}L\Vul x"dx > . —AlRu| x"dx
B Ix| B} |xl
D—p—x\? 1
z( P ) / P +Pax. (1.11)
p

- n_ p—1_1_ .p—1(p=1\" 1)
In the limiting case A = D — p, we have that (r D5 T ( > ) —rD|1n§|"

p=1
isa p-Bessel pairon (0, R) with¢ (r) = |1n 7 | » . Therefore, as a consequence of our
main results, we obtain the following Hardy identities and inequalities with monomial
weights:

Corollary 1.5 Forany R > 0 and u € C§° (BTe \ {O}), there holds

1 —1\? 1
/ o IVul? xPdx — (p ) / 5 lu|? xPdx
By |x|77F p B

TelxlD‘ln%
=/ Cp | Vu,
B

*
R

p=!
lx[| P

u
In —

V| — dex,

p—1

Ixl
‘ln 2

1 —1\" 1
/ - IRulpdex—<p )/ 5 lul? x P dx
By 1x|P7P P ) J5 1P |
p—1
=/ Cp | Ru,
By

1 1
and / T |Vul? xPdx > / T |Ru|P x¥ dx
By x|77F By Ix|777

x|

In — "

1 9
X P
P

x|
‘ln 7
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—1\”? 1
> (”—> / — _uPxPdx. (112)
p Bk |x|P ‘ln%

In particular, when p = D = N + P; + --- + Py, then we have that

D—1 .D—1(D-—1\D 1 - - . _ o5t
(r P (557) W) is a D-Bessel pair on (0, R) with ¢ = |In 5| 7 .
As a consequence, we get the following critical Hardy identities and inequalities with
monomial weights:

Corollary 1.6 Forany R > 0 and u € C§° (B;‘e \ {O}), there holds

D—-1\" 1
/ [Vu|P xPdx — (—) / —D|u|Ddex
B D B, |x|D)1

R n bl
r %t u
:/ CD Vu, ln—‘ \Y4 D1 de-x7
B}, R ‘lnm D
D—1\? 1
/ IRulede—<T> / ————— luP x"dx
Bk Bi 1x|P ‘ln%
% u P
= Cp | Ru, |In — R 5 x'dx,
* ‘ Ix|| D
nz
and
D—1\? 1
/ |Vu|Ddex2f [Ru|P xPdx > (—> / ————— lulP? x"dx.
B B, D B, MD‘]nlel

We remark at the end of this subsection that L? Hardy’s identities and inequalities
with Bessel pairs on bounded domains and Riemannian manifolds have also been
established in [30,31].

1.2 Hardy-Sobolev Inequality

Another inequality that has also been studied widely in the literature is the Sobolev
inequality. Actually, Sobolev type inequalities are one of the most used inequalities in
analysis and play key roles in many areas of mathematics. In this paper, we concern
the following type of Sobolev inequality:

N—p

N N

/ |Vu|dezS,,,N</ |u(x)|NPde> .
RN RN
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We note that we can consider Hardy’s inequality as a linear inequality in the sense that
it involves the p-th power of u on both sides. In the same sense, Sobolev’s inequality
can be regarded as a nonlinear inequality, where u appears with a higher power on the
right than on the left side. Hence, intuitively, we may think that the Sobolev inequality
is stronger than the Hardy inequality. Surprisingly, in [34,40], it was showed that by
applying the symmetrization, the Sobolev inequality, except the optimal constant, can
be derived from the Hardy inequality. Therefore, by Holder’s inequality, we can also
derive the following Hardy—Sobolev inequality as an interpolation between Hardy’s
and Sobolev inequalities:

(N=s)p ﬁ
lu (x)| N=p

/ IVul? dx > HSp.n.s / e dx
RN RN |x]

In the same spirit, we can show that non-optimal Sobolev inequality and Hardy—
Sobolev inequality with monomial weights can be derived from our Hardy’s inequality
with monomial weight. More precisely, using the Hardy inequality with monomial
weights (Theorem 1.2), we will prove the following Sobolev and Hardy—Sobolev type
inequalities

Corollary1.7 For 1 < p < D and 0 < s < p, there exist S, np > 0 and
HSps.n.p > 0such that for allu € C§° (RY) :

D—p

Dp P D P
Sp.N,P (f lu (x)| D=7 x dx) < / [Vul? x"dx (1.13)
RY RY

*

and

)4
Pp(s) PH)
HS,,,S,N,p(/ mx”dx> 5/ |Vul|? xPdx (1.14)
RY RY

|xI®

*

where p7, (s) = g:; p.

It is worth noting that the sharp constant and extremal functions of the Sobolev
inequality with monomial weight (1.13) have been computed explicitly in [12] using
a new isoperimetric inequality involving the weight x” and with optimal constant.
Our purpose here is to present a simple proof for (1.13) without the sharp constant
using our Hardy inequality with monomial weight. Our proof relies on the following
rearrangement result that can be found in [12,45]:

Lemma 1.2 Let u be a Lipschitz continuous function in ]R*N suchthat / xPdx
{xeRY:|u(x)>1]}
is finite for every positive t. Then there exists a radial rearrangement u™ of u such that

@) / xPdx = / dexforallt,
{xeRiv:lu|>t} {xe]RiV:u*>t}
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109 Page 18 0f 36 N.T.Duy et al.

(i) u* is radially decreasing
(iii) for every Young function ® (that is, ® maps [0, 00) into [0, 00), vanishes at 0, and
is convex and increasing):

/RNCD(|VM*|)xpdx < /];QNCD(Wul)dex.

(iv) If ¥ : RY — RY is nondecreasing, then /

U (u)xPdx = / U (u*) xPdx.
RY RY

We note that the non-optimal Hardy-Sovolev inequality with monomial weights
has been investigated in [14]. However, the optimal constant of the Hardy—Sobolev
inequality with monomial weight (1.14) is still missing in the literature. Our last goal
of this article is to fill this gap. More precisely,let 1 < p < D, 0 <s < p and

fRﬁY [Vul|? xPdx

. . Lp (N P
HSp,S,N,P = inf b=y ue WO (R* , X dx)

* D—s
u@)["D®  p
<fM T

Then we will show that

Theorem 1.8 We have

HSp,s,N,P =

k—1 D
2 r(3)
p—s
D— (D=s)p—(D—p) \ | D~
by (D—p\' F(P—SS)F< s )
X (D — §)D=s .
p—1

r ((LH)p)
p—s

Here k is the number of strictly positive entries of P. Also, HS), 5 n,p can be attained
—D=p

by functions of the form u (x) = ¢ (d + |x|5%7> " ceR d>0.

We remark that an extension of Theorem 1.8 with an additional power weight in
the gradient term in the expression of HS, s v p has been given in [60] by using a
quasi-conformal map type change of variables techniques used earlier in [21,22,48].

The paper is organized as follows: In Sect. 2, we will prove the general sym-
metrization principle for Hardy type inequalities (Theorem 1.1) and use it to establish
Theorem 1.2. In Sect. 3, we introduce p-Bessel pairs and set up several Hardy’s iden-
tities and inequalities with monomial weights. The optimizers and extremal functions
of Hardy—Sobolev inequality with monomial weights will be investigated in Sect. 4.
Finally, in Sect. 5, we present the proofs of Lemma 1.1 and consequences of our main
results, namely Corollaries 1.2, 1.3, 1.4, 1.5 and 1.7.
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2 Hardy Inequalities with Monomial Weights—Proofs of Theorems
1.1and 1.2

Proof of Theorem 1.1 Obviously (A) =— (C), (B) = (A) so we just need to prove
(C) = (B).
Let us denote in the polar coordinate that

2 =rlgp (o)

and let

1
/SN*IQDP (0)do

Then by Holder’s inequality, we obtain

UG = [, o or @) do

_ p _ =1 | du 1
pUP U ()| = —/ " gp (0)7 ‘5 ¢p (0)7 do

/S o op (0)do

<+</ du
gyt

- ol
/S L ¢r(©)do '

%

1—1L
P
p
x (/SN 1" op @) do |
_ purt! du
- (]

or
/S L ¢p(0)do ’

5

1-1/p
X (/ op (G)dO')
sy-1

pUP™!

1/p
(/ P (G)dff)
S
oul? I/p
X(,/SNI’E (pp(d)dG) .

|U/(r)‘p = ; (/Nl
Lo &

L or@)do

14 1/p
op (U)d(T)

P 1/p
vp (U)dff)

Hence

ou|?

ar

op (0) do) .
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Therefore, for u € C3°(B}%), we have by the polar coordinate that

R u p
/I;*A(|x|) [Rul? xFdx = /0 A(r)rN*IrlplfsN_] ‘—' op (0)dodr

or
R
R
z/ A(r)rN—lr'P‘f \U'(")|" ¢p (o) dodr
0 sy-1

= / A(lxD IVU (x)|? xPdx.
B*

R

Since U is radial, using (C), we get
by (C)
/A(|x|>|VU(x>|”dex "> /B(|x|)|U<x)|"dex.
B} By

On the other hand,
/ B(lx) U )[P xPdx
B*

R

R
=/SN_,/0 BrrN"Hum) P r'Plep (o) dodr

[y (@) do 7
)

R
_ /1/51“@ (g)da/(; B(ryrN 117! (/SN] luro)|” lop (o>|do> dr

SN_IWP (0)do ">+

¢

R
=f B(r)yrN 1,171 </ lu(ro)|? lop (o)ldo) dr
0 sy-1

5

R
Z/N l/ B! %/N | |uGro)P ¢p (o) do r'Plop (o) dodr
sV=1Jo / -

R
:/ / B(r) lu(ro)|? rN 112 lop (o) drdo
sV-1Jo

=/ B(|x]) [u(0)|? xP dx.
B*

R

Hence, we can deduce that

J

Proof of Theorem 1.2 Using Theorem 1.1, we can assume that u is a radial function.
Then, by polar coordinate, we have

J.

)

B(|x|) Ju(x)|? x " dx.

R

A(lx]) |Rul? xPdx > /

® B

m}

o0
Ix[PE=D )P xPdx = /N 1/ rPE=D 1P r Pl p (0)rN " drdo
Sy J0
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o0
= /;N 1(pp(a)do/ rPED P Py,
na 0

Note that by integration by parts, we obtain

oo
/ rp(8—1)+D—l |u|p dr
0

p

du

T o pe—h+1+D—1

IA

(o]
/ || P!
0
o0
/ |u|p_1 3u
0

® p
/ lula
0
o0 -1
/ |u|§r§(8_1)+DT a—u
0 8r
00 1
/ (|u|p rp(£—1)+D—1)q (
0

ar

Here g = %. By Holder’s inequality

o0
/ pPE=D+D=1 1P 4,
0

;)
e——)+D—1
rp( q dr

p(s—$)+e—s+D—1

pPE=D+I+D—1 4

dr

D-1
rEt )dr

ou

ar

P p-1)"
rPet _> dr.

1 1
< ( 11>’ (/Oo <|u‘prp(e71)+nfl)dr>q (/oo gl prszrD—ldr) P
)4 8—5 +D_1 0 0 r
and
o
/ rp(871)+D71 |u|p dr
0
P 00 P
< P / u rPEED=1gy,
p (8 — é) +D—1 o |or
Hence

s

p

f Ix|PE=D |u)? xPdx
N

=<

)

p
19 P

/ gop(a)d(f/ ‘—”‘ pPe+D-1g,
+D—1| /s o |or
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P
p

= 1 /N lx|7% |Vu|? xPdx.
1 — R
p(e q) +D—1

Therefore, we get that for all u € C° (R*N \ {O}) :

v

/ |x|P¢ |Vu|? xPdx
N

%

/ Ix|P¢ | Ru|P xPdx
N

*

v

p
p (8 — é) +D—1
p /RN [P0 Ju|? xPdx

—-p P
’ fN lx|PED )P xPdx.
P R

D

‘s~|—

P p
The constant ‘8 + ?‘ is sharp and unachievable since (%) is optimal and
unattainable in (1.3). O

3 Hardy Inequalities with p-Bessel Pairs—Proofs of Theorem 1.3

Proof of Theorem 1.3 By polar coordinate, one has

R
/ B(le)lul”xpdxzf op (o)/ rP=1B (r) |u|P drdo.
B St 0

*
R

One notes that

R R
/rD_lB(r)|u|pdr=f rP7IB () lpy|P dr
0 0
R
= [ e B @ el gar
0
R 2 ’
~[Cwre (P am o)
0

R
= [raw e ) ar

R
= f rP A ) |¢| 1wl dr
0

R
— -2 —
+pf PP A T e PRy dr.
0
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Hence,
R
/ ©p (0)/ erlB(r) |ul? drdo
S 0
R
:/Niﬁpp (0)/ PP A ) [yg' + oy drdo
Sy 0
R
[ or@ [P pe' ) drdo
| R D—1 p—2
+p/;N71(pp (0)/0 P A v | v ey dr
’ R
~ [ v @ [ A0 el +ou | drao

2/ A(x) IRulpdex—/ A(x]) C,p (Ru,goR(Z))dex.
B} B} 2

On the other hand,

/A(|x|)c,,<w,<p(|x|)v< u ))xpdx
B

: o (D)

zf A(|x|)|Vu|pdex—f A(Ix) [ye'|” xPdx
By By

- 1’/3* A [ve'|" v p(Ix Ry x " dx

R

In the polar coordinate

[ At w7 v Ry ax

R

R
— [ e @ [ A@) " gt prt drdo
S¥ 0

By integration by parts

R
= [a oo wel ot tar
0

= f "y (A [we'|" wo'or®" ) dr
0
o | e=DA@ I yerP Py
= [ w | FA@ WPy |y
N R T CYOYE s P )
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Hence,
R R 5
—/ A(r)|w/|”r’3—1dr—p/ A e | e od,yrPldr
0 0
R 5 ,
= [Twre(am el y)
R
== [ W B@er e
0
Hence

- fB Al [y’ x"dx — p/B* A D) [pe'|" oD Ry x dx
R

R

= —/ B (|x]) lu|? xPdx
B*

R

In other words

fA(IxI)IVqudex—/ B (Ix]) |u|? xFdx
B B

R R

u P
=/ A(lx) Cp <Vu,(pV <—>)x dx.
B 4

R

4 Hardy-Sobolev Inequality with Monomial Weights—Proof of
Theorem 1.8

We first recall the Bliss lemma [7]:

Lemma4.1 Let m, n be constants, such that n > m > 1 and let f (x) be a real
single-valued non-negative function in the interval 0 < x < oo such that the integral

o0
J=/ fmdx
0

taken in the sense of Lebesgue, is finite. Then the integral

F:/:fdt

is finite for every x and

© F" n
I:/ dx <tJm
0 xn—r
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-
wherer = % -1, 7= n—}l‘—l |:1"(1r;1"(’(;’31) :| . The equality happens for every function

r

r

of the form f = c (dx" + 1)~ , and for every function differing from one of these
only on a set of values of x of measure zero, but for no others.

Proof of Theorem 1.8 Let

]R*N [Vul|? xPdx

HSp s N p=inf VRS W(}’p (Riv,xpdx>

D—p

<fR |u(x)|”D” de> oo

By Lemma 1.2 and the Hardy-Littlewood inequality, we can assume that u is radial.

In this case,
o0
/quIpdex=</ (pp(U)dJ)/ luy|? rP=1dr
RY sy-1 0
and

Pp(s) o0 ;
/ %xpdx = <f op (a)do)/ lu (r)|Pp® pP=1=5qp,
RY | x| S 0

* p=D
Let H = [¢° [u()|Pp® rP=1=5dr and K = [;° |u,|? rP~'dr. Let x = r77T (ie.

pr=1 pr=L
r=xp,P)andv(x) =u (xPD> . Then

— D p-D_
dx_p rc’l dr
p—1
—1 »p
dr:p .X’f_D 1dx
p—D
dx
Uy = Uy —
r Xdr

Therefore

o0 %
H =/ lu (r)|PD®) pP=1=5 gy
0

@ Springer



109 Page 26 of 36 N.T.Duy et al.

*© % p=L 11— — -1
:_/ o (o 7 (FB) P10 P L gy
0

— oo —1
=5 1 / v @b ()1,
—PJo

and

o0
K:/ lup|? rP~1dr
0
oo _ _
L
0 p—1
D— p—1 roo
=< p) f ve|? dx.
p—1 0
D— p—s

Applying the Bliss lemma for m = p, n = pj, (s) = D—;p’ r=4-

o
J :/ |ve|? dx
0

P (p=1\(p_ — -1
JEp)o-vp =t e

p—D

and

00 -1
I = / |U (_x)|p?)(s)x('f_D>(D_S)_ldx =
0

o
* p=S _ D=s
[ o (175 x B H P,

p=s o (_@—S)p> D=p
LS. o8
veEt TS D=9 (-1 | r(22)r (Llen) |
Therefore
H = p—1 1
D—p

g (D) by 2=
<p—1 D—-p D—p p—s K p—1\7? p
“"D—-—pD-s5)(p—1) F(g:f)r((DfS)lf;:s(Dfp)> D—p

"o e (5) |

p—s

Hence, we get
Jan 1Vul? xPdx
2

HSp,S,N,P = inf b=p

*(s) D—s
|u()|PD P
(fRi’ A

(fovr 0p ©@do) [5° lur 1P P ar

D—p D—p

(fsfy*l op ©)do ) U7 (J52 1w )IPD rP=1=sdr) P

= inf
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D—s
. K
= inf (,/S*N—l op (0) do) D=
5§ —
. D=5 K g_; D—s
=in /éN—l ¢p (0)do T
*

p—s

= (/SNI op (cr)da) o
oo [LE e p>>r—%<,”><,e_;><p_n
X — S

((D S)p) p—1
pes

D—s D—p (D — p\P~!
=</SN_1wp<c>do) <D—s)D—f( )

p—1
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{F(H)F(W)}

p=s D—s)p
D—pr< pP—s )

~.

D—s

The infimum can be achieved at functions of the form v (x) = f(f c (dk D=5 + 1) P

D—p

_ PS5\ T ps . D
dr = c(d—i—x D*P) ,c € R,d > 0. That is u(r) = v<rP1>

_D—p D-p
_p=D p-=s p—s P=S\ T p=s
cld+r r-1D-» =c|d+rr! .

We now compute fSN—l @p (0)do. Recall that in the polar coordinate, we set

X1 = rcosf,

Xy = rsinfj cosbs,

X2 = r sin 0y sin 6; cos 03,
XN—2 = rsiné; sinf, sinbs .
XN_1 =rsinf; sinf, sin 63 .
XNy =rsinf;sinfrsinbs ..

..sin6,_3cosOn_7,
..sin6,_3sinfy_ocosOy_1,
.s8in6,_3sinfy_osinOy_1.

Herer > 0,6, € [0;7],i =1,2,.., N —2,and Oy_1 € [0; 27 ]. Also

9 (x1,...,xN)

— 0 N=lginN 2,
a(r,01,..,0N-1)

.. Sin2 GN_3 sin 91\1_2.

Now let k be the number of strictly positive entries of P. Then
/S V-1 pp (0)do

1
= 5% vy lor @)1do
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N
~ [ 20, 2 2
1 / (sin0;)7=+1 "~ costi 6;] | sinV 726, ...sin? Oy _3 sinOy_odb;..d0N o
0 :
= i=1
ok
2
X/O (sinPN Oy cosPN-1 9N_1‘d6N_1
N
e N—i-1+ Y P; N
= =7 l_[/ (sin6;) j=itl ‘cos i 0;]do;.
; 0
i=1

Note that for s > —1 and r > —1, we have that for A = cos2 6 :

™ Z
/ sin® @ ‘cost 9| de = 2/ sin® 6 cos’ AdO
0 0

1 s—1 t—1
= =0T A 7Tdr
0

where B (x,y) = fol A1 (1 = 1)Y= d) is the beta function.
Therefore fori =1,2,..., N — 1, we have

N
N—i—14 ) Pj+l1

j=i P+l
r Jj=i+l1 F( i )
N 2 2
T N—i-1+ Y P »
(sin 6;) =it ’cos 16;1do; = <
0 N—i—1+ Y Pj+Pi+2
=i+l
r 2
i
D—i—3 P;
Jj=1 Pi+1
r ] r( )
= i—1
D—(i-1)-Y P;
r =

Hence

/N ep(0)do
sN-
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=1 Pi+1
r J r( . )
2k 1 1_[
D—(i—1)— ZP,)
P+1 P,1+l
B Po)r (25 o (B
k-1 D
2 (%)

5 Proofs of Lemma 1.1 and Some Consequences of Our Main Results

Proofof Lemma 1.1 Leta = |x|andb = |x — y|,thenC), (x, y) = a’+(p — 1) bP —
pbP~%ab = Q (a, b).If b = 0, it is obvious that Q (a,0) = a” > 0and Q (a,0) =0
iff a = 0. If b # 0, then by homogeneity, we can assume b = 1. In this case,
0O (a,1) =a?—pa+(p — 1).Notingthatd, Q (a, 1) = paP~'—p.Hence 0 (a, 1) >
Q(1,1) =0.Note that Cp, (x, y) = 0iff [x| = |x — y|,and (x — y) - x =[x — y[[|x].
Hence,x —y = x, i.e,y =0. O

Proof of Corollary 1.2 We have that { rP~1p>=D ,P=1,2-D ;0 ) is a 2-Bessel pair on

(0, R) with ¢ (r) = Jp (%’r). Here zo = 2.4048... is the first zero of the Bessel
function Jp (z). See [40, page 6]. By the asymptotic property Jo (s) ~ 1 fors < 1,

we have
Jo (%2 2 R 2
/ | O(RD|jC2|)’ defo ’JO(Z_OF>
s I 0 R

Za
~/ o (5) 2 sds
0

< Q.

rdr

Therefore, Jy (%0 |x |) is the optimizer for the Poincaré inequalities (1.9). m]

Proof of Corollary 1.3 We can check that (rD_lr_’\, rD_lr_}‘[(m — 012) X

r2
D+h

) -
+ %]) is a 2-Bessel pair on (0, R) with ¢ (r) = P Jo (%¢r). Indeed, in this case

2—D4+A _bD-a zZ Zo 2=D+i z
<,0/(r)=—2 ro 2 Ja(%r)—}-%r > J (—ar>
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Therefore

2— D+ X D z Zo  2=D+h z !

=1 _ D1 2-D+i

(o [ G i a5
2— D+ XA ps_ Z Zo D—h z !

(D () - ()

2 _ _ — _
=St () (ﬂz_ar“f—l n uz_aﬂx—1> AED

2 2
Dox_» | 25 o .7 (% Z Z D—Xx-2 D-x_, z
- [Ro;r J“(}Z'”)*';”"/‘(;r)}_( 2 re J“(;?’)
2 2
D=x_5 [ Z Z D—\A-2 D—i z
=—r 2 2<—R"2r2—a2) Jo (—I‘;r>— (—2 > rT 2, (—;r>
2 2
_ _ D—-1,2D%2 Za (D —A—2) Y 1z
= J“(Rr)[( 4 )T R

s\«

Note that in this case, Jy (s) ~ #-)H) for s <« 1. Therefore for o > 0, we have

2—D+)

2
[E3h A CAED R
/ X dx'v/
B x| 0

®
Za
~/ |Jy (5)]? sds < 0o
0

2
Jo (%r)‘ rdr

and

20 2
| 612 e ()| /R
xdx ~
B 0

Za 2 -1
|x|)‘+2 Jo (Er)‘ r—dr

%
R

Za
~/ | Jo (s)lzs_lds < 00
0

while

2D 2
R G )| Y ST
x'dx ~ ‘Jo(—r)‘ r—dr
B 0 R

A2
% x|+

Za
~/ |J0(s)|2s71ds=oo.
0
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A 2-D+i . .. .
Hence, for 0 < a < DT“, x| 72 Jy (% |x|) is the optimizer of the Brezis—

Vézquez inequalities (1.10). However, when o = 0, there is no extremizer for the
Brezis—Vazquez inequalities (1.10) though we still can consider |x]| =5 Jo (%0 |x|)

as the “virtual” optimizer. O

Proof of Corollary 1.4 With

_ppi [\ o Dy _Dppa\ T
o) =R 7 (—) 1) =T g :

we have

, D — p— A _D—p-1 _D—p-2A\ P 1+r-D
o r)y=———|r T —R I r p-l
p

and
1 _ i
<rD71 Py e’ (]? o/ (r)>

Note that
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D—p—h
which is infinite. Therefore (1.11) has no extremizer but admits u (x) = ( x|~ =
_D—p—i ijl
— R 1 ) as the “virtual” optimizer. O
il _1

Proof of Corollary 1.5 Indeed, since ¢ (r) = |In | 7 and¢’ (r) = =21 [In 2|77 L,
we have

_ P2 g\

P~ 1 ‘ln L‘ r l pP—7 1 ‘ln L‘ P 1
p R r )4 R r

_ _ /
__(r—1 p-l llni_%l
p R
__(pr-1 p‘lngi—zl
p R

—1\” 1 (p=1?
= —l"D_l <p ) P ‘ln L r .
p ) gl R

p—1

as its “virtual” opti-
mizer. O

r

Similarly, (1.12) has no extremizer and has u (x) = ‘ln %

Proof of Corollary 1.7 By Lemma 1.2, to prove (1.13), we can assume that u is radial
and decreasing function. Let us denote in the polar coordinate that

|P| =PI+ + Py,

and
Syt =BrnsVl.
Then
/ lul? xPdx 2/ lul? xPdx
RY B}
R
:/ op (a)do/ lul? rI PPN =1gp
syt 0
RD
g9
s M2
This implies

1 _1
1 D q q
lu(x)| < Da |x| @ (/ Iul"deX> </ @p (o)da) .
RY sy-t
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In particular, by choosing ¢ = DD—fp, we get
D—p D—p
Dp ~TDr  _Dp Dy, O\ Dr
u@l <D (/ or (o)da) x|~ (/ |77 x dx) .
sy RY
and
2 -£ 2
A Y3 b _ Dy p b
lu (x)|P=r < DD </ op (U)da) x|~7 (/ |u| D=7 x dX)
S RY
Equivalently,

)i

Dp_ D
x| =P (/ |u|DPdex) lu|? xP.
]RN

*

St

Dy p
lu (x)|P=» x" <D

Shs

(/N 1§0P(0')d0)
SN~

Therefore,

D,
/Nlu (x)| PP x"dx
R

*

P P
D Dp D P
<Db / pp (0)do / |u|D7*[P xPdx / ﬂxpdx
S RY RY |x]?

p

P -D D, 5
Db (/ op (a)da) (/ |u|Dpﬂdex> / IVu|? xPdx.
sy-t RY RY

¢

P
D—p

IA

In other words,

D—
Dy o
/N lu (x)] D=7 xPdx <
R

*

1

1 1
1 D P
P ‘Dﬁ / op (0)do / [VulP xP dx
D—-p sh-1 RY

*

As a consequence, we can also derive the Hardy—Sobolev inequality with monomial
weight. Indeed, we have

|u (x)"’”(”dex
RY |x]®

= /RN |M|§js)|s (xP)ii’ |u (x)|Pp®)=s (xp)% &

: (.A@i” (% (XP);)f dx)p (/M <|u (x)|Pp®)=s (xP) p;“) s dx) »

p—s

=(f '”(X)'pdex>”(/ |u(x)|DD—pI'dex> ’
rY |x|P RY
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Using the Hardy inequality and Sobolev inequality with monomial weights, we get

p=s

S
p » Dp_ P
/ Iu(x))l Py / u (1) D=7 xPdx
RY x|t RY
5
p b
< ’ P ‘/ |Vul? xPdx
D—p| JrY

Dp __r 1 Dp l’;*‘
P D-p P D—p P » D—p
x DD-p op (0)do [Vul? x*dx
D N-1 N
—-P Sy Ry
p=s
. Dp -2\ P
S D—p P D—p
= L L r DD-p / op (O‘)do‘
D—-p D—p syl
PN
% D—p r
x / [Vul? xPdx / [Vu|? xP dx
RY RY
‘ Dip—s) g PHs)
s D= p—s —p P
:' PP} PP poep / op (0)do / [Vul? xPdx
D—p| |D—-p sh-1 RY

O
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